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Abstract
In this work we obtain a Simons’ type inequality for a suitable tensor and apply it in order to obtain some results characterizing
umbilical submanifolds and a product of submanifolds in a semi-Riemannian space form.
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1. Introduction
Let Sn(r) be an n-dimensional sphere in Rn+1 with radius r and let Mn be an n-dimensional submanifold mini-
mally immersed in Sn+p(1). Denote by B the second fundamental form of this immersion and by S the square of the
length of B . In his pioneering work, J. Simons [10] proved the following inequality for the Laplacian of S:
(1.1)1
2
S  S
(
n −
(
2 − 1
p
)
S
)
.
As an application of (1.1), Simons [10] obtained the following result:
Theorem 1.1. Let Mn be a closed minimal submanifold of Sn+p(1). Then either Mn is totally geodesic, or S = n2−1/p ,
or supS > n2−1/p .
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for S and determined all the minimal submanifolds of Sn+p(1) satisfying S = n2−1/p . More precisely, they proved
the results:
Theorem 1.2. Let Mn be an n-dimensional submanifold minimally immersed in an (n + p)-dimensional space of
constant curvature c, then
1
2
S  S
(
nc −
(
2 − 1
p
)
S
)
.
Theorem 1.3. Let Mn be a closed minimal submanifold of Sn+p(1). Assume that S  n2−1/p , then:
(i) Either S = 0 (and Mn is totally geodesic) or S = n2−1/p .
(ii) S = n2−1/p if and only if :
(a) p = 1 and Mn is locally a Clifford torus Sk(√ k
n
)× Sn−k(√n−k
n
)
.
(b) p = n = 2 and M2 is locally a Veronese surface in S4(1).
In the case of a submanifold Mn of Sn+p(1) with non-zero parallel mean curvature vector h, it is convenient to
modify slightly the second fundamental form B and to introduce the traceless tensor Φ = B − Hg, where H = |h| is
the mean curvature and g stands for the induced metric on Mn.
If p = 1, H. Alencar and M. do Carmo [2] obtained the following inequality for |Φ|2
(1.2)1
2
|Φ|2  |Φ|2
(
n(1 + H 2) − n(n − 2)√
n(n − 1)H |Φ| − |Φ|
2
)
.
For each H  0, set pH (x) = x2 + n(n−2)√n(n−1)Hx − n(1 + H 2) and let BH be the square of the positive root of
pH (x) = 0. By using (1.2), Alencar and do Carmo [2] also proved the following result
Theorem 1.4. Let Mn be a closed hypersurface of Sn+1(1) with constant mean curvature H. Assume that |Φ|2  BH ,
then:
(1) Either |Φ|2 = 0 (and Mn is totally umbilical) or |Φ|2 = BH .
(2) |Φ|2 = BH if and only if :
(a) H = 0 and Mn is locally a Clifford torus.
(b) H = 0, n 3, and Mn is locally a product Sn−1(r) × S1(√1 − r2 ) with r2 < n−1
n
.
(c) H = 0, n = 2, and Mn is locally a product S1(r) × S1(√1 − r2 ), 0 < r < 1, r2 = 12 .
In the case of codimension p  2, W. Santos [11] obtained the inequality:
1
2
|Φ|2  |Φ|2
(
n(1 + H 2) − n(n − 2)√
n(n − 1)
∣∣g(Φ,h)∣∣− 2p − 3
p − 1 |Φ|
2
)
.
By applying this inequality, Santos [11] determined all the closed submanifolds Mn of Sn+p(1) with h parallel and
satisfying
|Φ|2  Bp,h
(
n(1 + H 2) − n(n − 2)√
n(n − 1)
∣∣g(Φ,h)∣∣),
where
Bp,h =
{
1/(2 − p−1), if p = 1 or h = 0,
1/(2 − (p − 1)−1), otherwise.
It should be pointed out that H. Xu [12] also obtained a result that extends Theorem 1.4 for codimension p  2 and
h parallel.
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−∑pi=1 xiyi +∑n+pj=p+1 xjyj , where x = (x1, x2, . . . , xn+p) is the natural coordinate of Rn+pp . Rn+pp is called semi-
Euclidean space and it has constant curvature c = 0.
We also define the semi-Riemannian manifolds Sn+pp (c), with c > 0 and Hn+pp (c), with c < 0, as follows:
S
n+p
p (c) =
{
(x1, x2, . . . , xn+p+1) ∈ Rn+p+1p
/
−
p∑
i=1
x2i +
n+p+1∑
j=p+1
x2j =
1
c
}
;
H
n+p
p (c) =
{
(x1, x2, . . . , xn+p+1) ∈ Rn+p+1p+1
/
−
p+1∑
i=1
x2i +
n+p+1∑
j=p+2
x2j =
1
c
}
.
From now on, let Qn+pp (c) denotes the three spaces, which are complete connected semi-Riemannian manifolds of
index p and constant curvature c. All of then are known as indefinite space forms of index p. Sn+pp (c) and Hn+pp (c)
are called semi-sphere and semi-hyperbolic space, respectively. Notice that Sn+pp (c) is diffeomorphic to Rp ×Sn−p(r)
and Hn+pp (c) is diffeomorphic to Sp(r) × Rn−p .
Let Mn be an n-dimensional Riemannian manifold and let ψ :Mn → Qn+pp (c) be an immersion. The immersion
is said to be spacelike if the induced metric on Mn from the metric of Qn+pp (c) is positive definite.
In this paper, we will consider spacelike submanifolds Mn of a semi-Riemannian space of constant curvature
Q
n+p
p (c).
Let Mn be a spacelike submanifold of Qn+pp (c) with parallel mean curvature vector h. When Mn is maximal, i.e.
h = 0, T. Ishihara [6] established the following inequality for S
(1.3)1
2
S  S
(
nc + S
p
)
.
As an important application of (1.3), Ishihara [6] proved the following results:
Theorem 1.5. Let Mn be an n-dimensional complete spacelike submanifold immersed in Qn+pp (c), c  0. If Mn is
maximal, then Mn is totally geodesic.
Theorem 1.6. Let Mn be an n-dimensional complete spacelike submanifold immersed in Qn+pp (c), c < 0. If Mn is
maximal, then 0 S −npc.
Moreover, Ishihara determined all the complete spacelike maximal submanifolds Mn of Qn+pp (c), c < 0, satisfying
S = −npc (cf. [6, Theorem 1.3]).
If Mn is a spacelike hypersurface of Qn+11 (c) with constant mean curvature H , as in the Riemannian case, it
is convenient to consider the tensor Φ . According Montiel [8], the following inequality holds for Mn immersed in
S
n+1
1 (1)
(1.4)1
2
|Φ|2  |Φ|2
(
|Φ|2 − n(n − 2)√
n(n − 1)H |Φ| + n(1 − H
2)
)
.
Let Mn be a spacelike submanifold of Qn+pp (c) with non-zero parallel mean curvature vector h and let H = |h|.
Define the second fundamental form with respect to the normal direction ξ = h
H
by hξ . If |hξ |2 denotes the squared
norm of hξ , set |μ|2 = |hξ |2 − nH 2. In [4], Q.M. Cheng proved that
(1.5)1
2
|μ|2  |μ|2
(
|μ|2 − n(n − 2)√
n(n − 1)H |μ| + n(c − H
2)
)
.
We remark that L. Alias and A. Romero [3] established results related to compact spacelike submanifolds in
S
n+p
p (1) with parallel mean curvature vector.
Now we are going to state our main results. Theorems 7 and 8 are Simons’ type inequalities for submanifolds in
semi-Riemannian space forms Qn+pp (c).
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normal bundle. If |∇2Hα|2 denotes the squared norm of the Hessian of Hα = 1
n
∑
i h
α
ii , then the following inequality
holds
(1.6)1
2
|Φ|2 −n
∑
α
|∇Hα|2 + |Φ|
( |Φ|3
p
− n(n − 2)√
n(n − 1)H |Φ|
2 + n(c − H 2)|Φ| − n
√∑
α
|∇2Hα|2
)
.
Theorem 1.8. Let Mn be a spacelike submanifold immersed in Qn+pp (c) with parallel mean curvature. Then the
following inequality holds
(1.7)1
2
|Φ|2  |Φ|2
( |Φ|2
p
− n(n − 2)√
n(n − 1)H |Φ| + n(c − H
2)
)
.
Theorem 1.9 is a Lorentzian version of results obtained by Yano–Ishihara [13] and also by Yau [14] for Riemannian
submanifolds.
Theorem 1.9. Let Mn be a complete spacelike submanifold in Qn+pp (c) with parallel mean curvature vector and
non-negative sectional curvature. If Mn has constant scalar curvature R, then Mn is totally umbilical or a product
M1 × M2 × · · · × Mk , where each Mi is a totally umbilical submanifold of Qn+pp (c) and the M ′i s are mutually
perpendicular along their intersections.
We point out that R. Aiyama (cf. [1, Theorem 11]) proved that a compact spacelike submanifold in Sn+pp (1) with
parallel mean curvature vector and non-negative sectional curvature is totally umbilic.
The following result is an application of formula (1.7).
Theorem 1.10. Let Mn be a complete spacelike submanifold in Qn+pp (c) with parallel mean curvature vector. If supK
denotes the function that assigns to each point of Mn the supremum of the sectional curvatures at that point, there
exists a constant β(c,n,p,H) such that if supK  β(c,n,p,H), then either:
(i) n = 2 and M2 is totally umbilical or
(ii) n 3 and Mn is totally geodesic.
Next result was also obtained by H. Li (cf. [7, p. 343]), with the assumptions Qn+pp (c) = Sn+pp (1), h parallel and
H 2 = 4(n − 1)/n2.
Theorem 1.11. Let Mn be a complete spacelike pseudo-umbilical submanifold in Qn+pp (c). Suppose that either:
(i) c = 1 and 0 < H 2  1 or,
(ii) c 0, 0 < H 2 < ∞, p  n and R  0.
Then Mn is totally umbilical.
2. Preliminaries
In this section we will introduce some basic facts and notations that will appear on the paper.
Let Mn be an n-dimensional Riemannian manifold immersed in Qn+pp (c). As the indefinite Riemannian metric of
Q
n+p
p (c) induces the Riemannian metric of Mn, the immersion is called spacelike. We choose a local field of semi-
Riemannian orthonormal frames e1, . . . , en+p in Qn+pp (c) such that, at each point of Mn, e1, . . . , en span the tangent
space of Mn. We make the following standard convention of indices
1A,B,C, . . . n + p, 1 i, j, k, . . . n, n + 1 α,β, γ, . . . n + p.
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ds¯2 =
∑
A
εAωA
2, εi = 1, εα = −1, 1 i  n, n + 1 α  n + p.
Then the structure equations of Qn+pp (c) are given by
(2.1)dωA =
∑
B
εBωAB ∧ ωB, ωAB + ωBA = 0,
(2.2)dωAB =
∑
C
εCωAC ∧ ωCB − 12
∑
C,D
εCεDKABCDωC ∧ ωD,
(2.3)KABCD = c εAεB(δACδBD − δADδBC).
Next, we restrict those forms to Mn. First of all we get
(2.4)ωα = 0, n + 1 α  n + p.
So the Riemannian metric of Mn is written as ds2 =∑i ωi2.
Since 0 = dωα =∑i ωαi ∧ ωi , from Cartan’s lemma, we can write
(2.5)ωαi =
∑
j
hαijωj , h
α
ij = hαji .
Let B = ∑α,i,j hαijωiωj eα be the second fundamental form. We will denote by h = 1n ∑α(∑i hαii)eα and by
H = |h| = 1
n
√∑
α(
∑
i h
α
ii)
2 the mean curvature vector and the mean curvature of Mn, respectively.
The structure equations of Mn are given by
(2.6)dωi =
∑
j
ωij ∧ ωj , ωij + ωji = 0,
(2.7)dωij =
∑
k
ωik ∧ ωkj − 12
∑
k,l
Rijklωk ∧ ωl.
Using the structure equations we obtain the Gauss equation
(2.8)Rijkl = c(δikδjl − δilδjk) −
∑
α
(hαikh
α
jl − hαilhαjk).
The components of the Ricci curvature tensor Ric and the scalar curvature R are given respectively by
(2.9)Rjk = c(n − 1)δjk −
∑
α
(∑
i
hαii
)
hαjk +
∑
α,i
hαikh
α
ji ,
(2.10)R = cn(n − 1) − n2H 2 + S,
where S =∑α,i,j (hαij )2 denotes the square of the length of the second fundamental form of Mn.
We also have the structure equations of the normal bundle of Mn
(2.11)dωα =
∑
β
ωαβ ∧ ωβ, ωαβ + ωβα = 0,
(2.12)dωαβ =
∑
γ
ωαγ ∧ ωγβ − 12
∑
i,j
Rαβijωi ∧ ωj ,
where
(2.13)Rαβij =
∑
l
(hαilh
β
lj − hαjlhβli).
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α
ij satisfy
(2.14)
∑
k
hαijkωk = dhαij +
∑
k
hαikωkj +
∑
k
hαjkωki −
∑
β
h
β
ijωβα.
Then, by exterior differentiation of (2.5), we obtain the Codazzi equation
(2.15)hαijk = hαjik = hαikj .
Similarly, we have the second covariant derivatives hαijkl of h
α
ij so that∑
l
hαijklωl = dhαijk +
∑
l
hαijkωli +
∑
l
hαilkωlj +
∑
l
hαij lωlk −
∑
β
h
β
ijkωβα.
By exterior differentiation of (2.14), we can get the following Ricci formula
(2.16)hαijkl − hαijlk =
∑
m
hαimRmjkl +
∑
m
hαjmRmikl +
∑
β
h
β
ijRαβkl .
The Laplacian hαij of h
α
ij is defined by h
α
ij =
∑
k h
α
ijkk . From (2.15) and (2.16), we have
(2.17)hαij =
∑
k
hαkkij +
∑
m,k
hαkmRmijk +
∑
m,k
hαmiRmkjk +
∑
k,β
h
β
ikRαβjk.
If H = 0, we choose en+1 = hH . Thus
(2.18)Hn+1 = 1
n
trhn+1 = H and Hα = 1
n
trhα = 0, α  n + 2,
where hα denotes the matrix [hαij ].
It follows from (2.8), (2.13), (2.17) and (2.18) that
hn+1ij = nHij + cnhn+1ij − cnHδij +
∑
β,k,m
hn+1km h
β
mkh
β
ij
− 2
∑
β,k,m
hn+1km h
β
mjh
β
ik +
∑
β,k,m
hn+1mi h
β
mkh
β
kj
(2.19)− nH
∑
m
hn+1mi h
n+1
mj +
∑
β,k,m
hn+1jm h
β
mkh
β
ki .
And
hαij = nHαij + cnhαij +
∑
β,k,m
hαkmh
β
mkh
β
ij − 2
∑
β,k,m
hαkmh
β
mjh
β
ik
(2.20)+
∑
β,k,m
hαmih
β
mkh
β
kj − nH
∑
m
hαmih
n+1
mj +
∑
β,k,m
hαjmh
β
mkh
β
ki, ∀α  n + 2.
Since 12S = 12
∑
α,i,j (h
α
ij )
2 =∑α,i,j hαijhαij +∑α,i,j,k(hαijk)2, by using (2.19) and (2.20), it is straightforward
to verify that
1
2
S =
∑
α,i,j,k
(hαijk)
2 + n
∑
α,i,j
hαijH
α
ij + c(nS − n2H 2)
(2.21)− nH
∑
α
tr
(
hn+1(hα)2
)+∑
α,β
[
tr(hαhβ)
]2 +∑
α,β
N(hαhβ − hβhα),
where N(A) = tr(AAt), for all matrix A = [aij ].
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tion of Mn in Qn+pp (c). Note that this condition implies that H = |h| is constant and
(2.22)
∑
k
hαkki = 0, ∀i, α.
We will need the following generalized Maximum Principle due to Omori [9] and Yau [15].
Lemma 2.1. Let Mn be a complete Riemannian manifold with Ricci curvature bounded from below and let F :Mn →
R be a C2-function which is bounded from below on Mn. Then there is a sequence of points {pk} in Mn such that
lim
k→∞F(pk) = inf(F ), limk→∞|∇F(pk)| = 0 and lim infk→∞ F(pk) 0.
We also will need the following algebraic lemma, whose proof can be found in [11].
Lemma 2.2. Let A,B :Rn → Rn be symmetric linear maps such that AB − BA = 0 and trA = trB = 0. Then
(2.23)| trA2B| n − 2√
n(n − 1)N(A)
√
N(B).
Moreover, the equality holds if, and only if, n − 1 of the eigenvalues xi of A and the corresponding eigenvalues yi of
B satisfy
|xi | =
√
N(A)
n(n − 1) , xixj  0,
(2.24)yi =
√
N(B)
n(n − 1)
(
resp. yi = −
√
N(B)
n(n − 1)
)
.
Set Φαij = hαij − Hαδij . We will consider the following symmetric tensor
(2.25)Φ =
∑
α,i,j
Φαijωiωj eα.
It is easy to check that Φ is traceless and
N(Φα) = N(hα) − n(Hα)2,
(2.26)|Φ|2 =
∑
α
N(Φα) = S − nH 2,
where Φα denotes the matrix [Φαij ].
3. Proof of Simons’ type inequalities
Proof of Theorem 1.7. Let Φαij defined by Φ
α
ij = hαij − Hαδij . Since Mn has H = 0, as in Section 2, we can choose
a local field of orthonormal frames {e1, . . . , en+p} such that en+1 = hH . With this choice (2.18) and (2.26) imply that
Φn+1ij = hn+1ij − Hδij ,
N(Φn+1) = tr(Φn+1)2 = tr(hn+1)2 − nH 2 = N(hn+1) − nH 2,
(3.1)tr(hn+1)3 = tr(Φn+1)3 + 3HN(Φn+1) + nH 3.
(3.2)Φαij = hαij , N(Φα) = N(hα), α  n + 2,
(3.3)S = (|Φ|2 + nH 2).
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α,i,j
hαijH
α
ij =
∑
α,i,j
ΦαijH
α
ij +
∑
α,i,j
HαHαij δij =
∑
α,i,j
ΦαijH
α
ij +
∑
α,i
HαHαii
(3.4)=
∑
α,i,j
ΦαijH
α
ij +
∑
α
HαHα.
Since H 2 =∑α (Hα)2 = 2∑α HαHα + 2∑α |∇Hα|2, by replacing (3.1), (3.2), (3.3) and (3.4) into (2.21)
we obtain
1
2
|Φ|2 −n
∑
α
|∇Hα|2 + n
∑
α,i,j
ΦαijH
α
ij + n(c − H 2)|Φ|2
(3.5)− nH
∑
α
tr
(
Φn+1(Φα)2
)+∑
α,β
(trΦαΦβ)2.
As Mn has flat normal bundle, the matrices hn+1 and hα commute, so the traceless matrices Φα and Φn+1 also
commute, for all α. Hence, we can apply Lemma 2.2 in order to obtain
(3.6)
∑
α
tr
(
Φn+1(Φα)2
)
 n − 2√
n(n − 1)
√
N(Φn+1)|Φ|2  n − 2√
n(n − 1) |Φ|
3.
Due to Cauchy–Schwarz inequality, we can prove that
(3.7)−
∣∣∣∣∑
α,i,j
ΦαijH
α
ij
∣∣∣∣−
√∑
α,i,j
(Φαij )
2
√∑
α,i,j
(Hαij )
2 = −|Φ|
√∑
α
|∇2Hα|2,
(3.8)|Φ|4  p
∑
α
N2(Φα) p
∑
α,β
(trΦαΦβ)2.
It follows from (3.5), (3.6), (3.7) and (3.8) that formula (1.6) holds. 
Proof of Theorem 1.8. Since ∇⊥h = 0, if H = 0, we see that the mean curvature H is constant and hn+1hα =
hαhn+1, for all α. So ∇2Hα = ∇Hα ≡ 0 and the traceless matrix Φn+1 commutes with all the traceless matrices Φα ,
for all α.
Hence, we can follow exactly the pattern of the proof of Theorem 1.7 to obtain (1.7).
If H = 0, Mn is said to be maximal. In this case, ∑i hαii = 0 for all α, which, together with (2.8), (2.13), (2.17)
and (3.8), imply
1
2
S =
∑
α,i,j,k
(hαijk)
2 + ncS +
∑
α,β
(trhαhβ)2
(3.9)+
∑
α,β
N(hαhβ − hβhα) ncS +
∑
α
N2(hα) S
(
S
p
+ nc
)
.
It completes our proof. 
4. Proofs of Theorems 1.9, 1.10 and 1.11
Proof of Theorem 1.9. Since the mean curvature vector h is parallel and
∑
α,β,i,j,k
hαij h
β
kiRαβjk =
1
2
∑
α,β
N(hαhβ − hβhα),
from (2.17) we have
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2
S = 1
2
∑
α,i,j
(hαij )
2 =
∑
α,i,j,k
(hαijk)
2 +
∑
α,i,j
hαijh
α
ij
(4.1)=
∑
α,i,j,k
(hαijk)
2 + 1
2
∑
α,β
N(hαhβ − hβhα) +
∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk.
Next, we will obtain a pointwise estimate for the last two terms. For each fixed α, let λαi be an eigenvalue of hα ,
i.e. hαij = λαi δij , and denotes by infK the infimum of the sectional curvatures at a point p of Mn. Then
2
( ∑
i,j,k,m
hαijh
α
kmRmijk +
∑
i,j,k,m
hαijh
α
miRmkjk
)
=
∑
i,k
(−2λαi λαk )Rikik +
∑
i,k
(
(λαi )
2 + (λαk )2
)
Rikik
=
∑
i,k
(λαi − λαk )2Rikik  (infK)
∑
i,k
(λαi − λαk )2
(4.2)= (infK)(2nN(Hα) − 2n2(Hα)2)= 2n(infK)N(Φα).
It implies that
(4.3)
∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk  n(infK)
∑
α
N(Φα) = n(infK)|Φ|2.
Recall that h parallel yields H constant, therefore, by (2.10) we see that S = R+n2H 2 −cn(n−1) is also constant,
thus S = 0.
As Rijij  0, from (4.1) and (4.3), we get
(4.4)0 = 1
2
S 
∑
α,i,j,k
(hαijk)
2 + n(infK)|Φ|2 + 1
2
∑
α,β
N(hαhβ − hβhα) 0.
It turns out that:
(i) hαhβ = hβhα ∀α, β , and so the normal bundle of Mn is flat. Hence, all the matrices hα can be simultaneously
diagonalized;
(ii) hαijk = 0, ∀i, j, k,α and so the second fundamental form B is parallel. In particular, λαi is constant ∀i, α.
From (i), (ii), (4.1) and (4.2), we can write 0 =∑α,i,j (λαi − λαj )2Rijij and, since Rijij  0, we infer that (λαi −
λαj )Rijij = 0. Consequently, we may apply the same methods used by Ishihara (see [6, Lemmas 5.1, 5.2 and Theorem
1.3]) to conclude that Mn is totally umbilical or a product M1 × M2 × · · · × Mk , where Mi is a totally umbilical
submanifold in Qn+pp (c) and the Mi ’s are mutually perpendicular along their intersections. 
Remark. Let Mn be a complete spacelike submanifold in Qn+pp (c) with parallel mean curvature vector and non-
negative sectional curvature. In (4.4) we got the inequality 12S  0, which shows that S is a subharmonic smooth
function. Therefore, if the supremum of S is attained on Mn, it follows from the Maximum Principle that S is constant
and we have the same conclusions as in Theorem 1.9.
Proof of Theorem 1.10. In the proof of Theorem 1.7 we used the following inequality∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk
= n|Φ|2 − nH
∑
α
tr
(
hn+1(hα)2
)+∑
α,β
(
tr(hαhβ)
)2 + 1
2
∑
α,β
N(hαhβ − hβhα)
(4.5) |Φ|2
( |Φ|2
p
− n(n − 2)√
n(n − 1)H |Φ| + n(c − H
2)
)
.
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(4.6)
∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk  n supK
∑
α
N(Φα) = n supK|Φ|2.
For technical reasons, we will write the expression (4.1) for the Laplacian of S as
1
2
S  (1 − a)
( ∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk
)
(4.7)+ a
( ∑
α,i,j,k,m
hαijh
α
kmRmijk +
∑
α,i,j,k,m
hαijh
α
miRmkjk
)
.
Since h is parallel, from (4.5), (4.6) and (4.7), if a  1, we have
(4.8)1
2
|Φ|2 = 1
2
S  a|Φ|2
( |Φ|2
p
− n(n − 2)√
n(n − 1)H |Φ| + n
[
c − H 2 +
(
1 − a
a
)
supK
])
.
Consider the positive smooth function F :Mn → R defined by F = 1√
1+|Φ|2 . By a simple calculation we obtain
(4.9)|∇F |2 = |∇|Φ|
2|2
4(1 + |Φ|2)3 ,
(4.10)FF = −|Φ|
2
2(1 + |Φ|2)2 + 3|∇F |
2.
Now replacing (1.7) in (4.10) we arrive to
(4.11)|Φ|
2
2(1 + |Φ|2)2
( |Φ|2
p
− n(n − 2)√
n(n − 1)H |Φ| + n(c − H
2)
)
−FF + 3|∇F |2.
Let λn+1i be an eigenvalue of hn+1. By (2.9) we infer that
Ric(ei) = c(n − 1) − nHhn+1ii +
∑
k
(hn+1ik )
2 =
(
λn+1i −
nH
2
)2
+ c(n − 1) − n
2H 2
4
.
Hence, Ric(ei) c(n − 1) − n2H 24 , and the Ricci curvature of Mn is bounded from below. Since Mn is spacelike
and F > 0, we can apply Lemma 2.1 to the function F . Thus, it is possible to obtain a sequence of points {pk} in Mn
such that
lim
k→∞F(pk) = inf(F ), limk→∞|Φ|
2(pk) = sup |Φ|2 = (sup |Φ|)2,
(4.12)lim
k→∞|∇F(pk)| = 0, lim infk→∞ F(pk) 0.
By replacing (4.12) into (4.11), we have
(sup |Φ|)2
2(1 + (sup |Φ|)2)2
(
(sup |Φ|)2
p
− n(n − 2)√
n(n − 1)H sup |Φ| + n(c − H
2)
)
 0,
which shows that sup |Φ| < ∞. Therefore, we can apply again Lemma 2.1 to the function |Φ|2 obtaining a sequence
of points {pk} in Mn such that
lim
k→∞|Φ|
2(pk) = sup |Φ|2 =
(
sup |Φ|)2,
lim
k→∞|∇|Φ|
2(pk)| = 0,
(4.13)lim sup|Φ|2(pk) 0.k→∞
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0 1
2a
lim sup
k→∞
|Φ|2
(4.14) (sup |Φ|)2
(
sup |Φ|2
p
− n(n − 2)√
n(n − 1)H sup |Φ| + n
[
c − H 2 +
(
1 − a
a
)
supK
])
.
Let
β(c,n,p,H) = a
4(a − 1)(n − 1)
(
4c(n − 1) − [p(n − 2)2 + 4(n − 1)]H 2).
If supK  β(c,n,p,H), it can be easily checked that(
(sup |Φ|)2
p
− n(n − 2)√
n(n − 1)H sup |Φ| + n
[
c − H 2 +
(
1 − a
a
)
supK
])
 0.
Moreover, the equality holds if and only if supK = β(c,n,p,H) and sup |Φ| = pn(n−2)2√n(n−1) . Thus, if supK <
β(c,n,p,H), from (4.14) and the last inequality we conclude that sup |Φ| = 0 and Mn is totally umbilical.
If supK = β(c,n,p,H), we will suppose that Mn is not totally umbilical and derive a contradiction. First, let us
prove that p = 1. Notice that
(
sup |Φ|)2( (sup |Φ|)2
p
− n(n − 2)√
n(n − 1)H sup |Φ| + n
[
c − H 2 +
(
1 − a
a
)
supK
])
= 0.
It shows that all the estimates used to obtain inequality (4.14) turn into equalities. More precisely, (3.6) and (3.8)
can now be written as
(4.15)
√
N(Φn+1)|Φ|2 = |Φ|3,
(4.16)|Φ|4 = p
∑
α
N2(Φα).
As mentioned before, taking subsequences if necessary, we can arrive to a sequence {pk} in Mn, which satisfies
(4.13) and such that
(4.17)lim
k→∞N(Φ
α)(pk) = Cα, α  n + 1.
By evaluating (4.15) at pk , taking the limit for k → ∞ and using (4.17) we obtain
(4.18)
√
Cn+1
(
sup |Φ|)2 = sup |Φ|3 = (sup |Φ|)3.
Since sup |Φ| > 0, we have
(4.19)Cn+1 = (sup |Φ|)2 = sup(|Φ|2)=∑
α
Cα.
Hence, Cα = 0, ∀α  n + 2.
By evaluating (4.16) at pk and taking the limit for k → ∞, from (4.17) and (4.19) we get(
sup |Φ|)4 = p∑
α
(Cα)2 = p(Cn+1)2 = p(sup |Φ|)4,
which implies p = 1.
Next, let us prove that supK = 0. Since h is parallel and the equality holds in (4.6) and (4.7), we arrive to
0 = lim sup
k→∞
1
2
|Φ|2(pk) = lim sup
k→∞
1
2
S(pk) = n(supK) sup |Φ|2 = n(supK)
(
sup |Φ|)2.
Therefore, supK = 0.
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0 = supK = β(c,n,p,H) = a
4(a − 1)(n − 1)
(
4c(n − 1) − n2H 2).
Hence H 2 = 4(n−1)c
n2
, which can’t occur if c < 0. If c = 0, Mn is maximal and, due to Theorem 1.5, Mn is totally
geodesic. In the case c = 1, according to Montiel (cf. [8, Proposition 2]), either Mn is a totally umbilical hypersurface
or n > 2 and the supremum of the scalar curvature of Mn is equal to (n − 2)2.
Because Mn is not totally umbilical, we conclude that the supremum of the scalar curvature of Mn is equal to
(n − 2)2, which contradicts the fact that supK = 0. Therefore, Mn is totally umbilical.
As a is arbitrary, taking the limit for a → ∞ in
supK  β(c,n,p,H) = a
4(a − 1)(n − 1)
(
4c(n − 1) − [p(n − 2)2 + 4(n − 1)]H 2),
we get
supK  β(c,n,p,H) = 1
4(n − 1)
(
4c(n − 1) − [p(n − 2)2 + 4(n − 1)]H 2).
Moreover, since Mn is totally umbilical, if n 3 we have
c − H 2 = supK  1
4(n − 1)
(
4c(n − 1) − [p(n − 2)2 + 4(n − 1)]H 2),
thus p(n − 2)H 2  0, which implies H = 0 and shows that Mn is totally geodesic.
So the proof is concluded. 
Proof of Theorem 1.11. Denote by 〈 , 〉 the scalar product of Qn+pp (c). A submanifold Mn in Qn+pp (c) is called
pseudo-umbilical, if there exists a function λ on Mn such that
(4.20)〈B(X,Y ),h〉= λ〈X,Y 〉,
for any tangent vector fields X,Y on Mn.
In particular, (2.26) and (4.20) imply〈
B(ei, ej ),Hen+1
〉= H 2δij , hn+1ij = Hδij ,
(4.21)N(Φn+1) = 0 and |Φ|2 =
∑
αn+2
N(hα).
From (2.18), (2.19) and (4.21) we obtain
1
2
N(hn+1) =
∑
i,j,k
(hn+1ijk )
2 + n
∑
i,j
hn+1ij H
n+1
ij + nc
∑
i,j
(hn+1ij )
2 − n2cH 2 − nH tr(hn+1)3
+
∑
βn+2
[
tr(hn+1hβ)
]2 + [tr(hn+1)2]2 + ∑
βn+2
N(hn+1hβ − hβhn+1)
(4.22)
∑
i,j,k
(hn+1ijk )
2 + n
∑
i,j
hn+1ij H
n+1
ij .
Taking the summand for α  n + 2, from (2.20) and (4.21), we get
1
2

∑
αn+2
N(hα) =
∑
αn+2,i,j,k
(hαijk)
2 + n
∑
i,j
hαijH
α
ij
+ nc|Φ|2 +
∑
αn+2,β
[
tr(hαhβ)
]2 + ∑
αn+2,β
N(hαhβ − hβhα)
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∑
αn+2,i,j,k,m
hn+1km h
n+1
mk h
n+1
ij h
α
ij − nH
∑
αn+2,i,j,m
hαmih
α
ij h
n+1
mj
(4.23)
∑
αn+2,i,j,k
(hαijk)
2 + n
∑
i,j
hαijH
α
ij +
∑
αn+2
N2(hα) + n(c − H 2)|Φ|2.
It follows from Cauchy–Schwarz inequality that
(4.24)
∑
αn+2
N2(hα) 1
p − 1
( ∑
αn+2
N(hα)
)2
= 1
p − 1 |Φ|
4.
Combining (4.24) it with (4.22) and (4.23) we have
1
2
S = 1
2

(
N(hn+1)
)+ 1
2

∑
αn+2
(
N(hα)
)
(4.25)
∑
α,i,j,k
(hαijk)
2 + n
∑
α,i,j
hαijH
α
ij + |Φ|2
(
n(c − H 2) + 1
p − 1 |Φ|
2
)
.
Furthermore, due to (4.21) it can be easily checked that
(4.26)
∑
α,i,j,k
(hαijk)
2 + n
∑
α,i,j
hαijH
α
ij 
∑
i,j,k
(hn+1ijk )
2 + nHH = n(|∇H |2 + HH )= 1
2
nH 2.
Formulas (4.25) and (4.26) imply
1
2
|Φ|2 = 1
2
(S − nH 2) |Φ|2
[
n(c − H 2) + 1
p − 1 |Φ|
2
]
(4.27) |Φ|2
(
n(c − supH 2) + 1
p − 1 |Φ|
2
)
.
Let λn+1i be an eigenvalue of hn+1. In the proof of Theorem 1.10, we used that
Ric(ei) =
(
λn+1i −
nH
2
)2
+ c(n − 1) − n
2H 2
4
,
so (4.21) yields Ric(ei) = (n − 1)(c − H 2).
Since H 2 < ∞, the Ricci curvature of Mn is bounded from below, therefore we may employ the same arguments
as in the proof of Theorem 1.10 to obtain a sequence of points pk in Mn satisfying (4.13).
By applying inequality (4.27) at pk , taking the limit and using (4.13) we get
(4.28)0 (sup |Φ|)2[n(c − supH 2) + 1
p − 1
(
sup |Φ|)2].
If c = 1, since supH 2  1, (4.28) shows that sup |Φ| = 0, hence Mn is totally umbilical.
If c 0, from p  n, 0R = n(n − 1)(c − H 2) + |Φ|2 and (4.28) we obtain
(4.29)0 |Φ|
2
p − 1
[
n(p − 1)(c − H 2) + |Φ|2] |Φ|2
p − 1
(
R + |Φ|2) |Φ|4
p − 1 .
From (4.29), we deduce that sup |Φ| = 0. 
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